Let n ≥ 2 be an integer, and B n ⊂ C n the unit ball. K ⊂ B n is a compact subset or K = {z = (z 1 , · · · , zn)|z 1 = z 2 = 0} ⊂ C n . By the theory of developing maps, we prove that a Kähler metric on B n \ K with constant holomorphic sectional curvature −1(resp. 0) uniquely extends to B n .
Introduction
Recently, there is a growing interest in the research of metrics with singularities. Donaldson [Don12] , Li and Sun [LS14] investigated Kähler-Einstein metrics with cone singularities along a divisor on a Kähler manifold. There is also a lot of research on metrics with singularities on Riemann surfaces. For example, Nitsch [Nit57] , Heins [Hei62] and Yamada [Yam88] proved that an isolated singularity of a conformal hyperbolic metric is either a conical singularity or a cusp one, and Heins [Hei62] , Mcowen [McO88] and Troyanov [Tro91] independently gave a necessary and sufficient condition for the existence of a unique conformal hyperbolic metric, which has the prescribed conical or cusp singularities, on a compact Riemann surface. Among all the research on singular metrics on Riemann surfaces, developing maps, due to [Bry87, UY00, Ere04] , prove to be a very useful tool. By considering the monodromy of developing maps in [CWWX14] , Chen and coauthors constructed a new class of cone spherical metrics. Later, in [FSX] , Feng, Shi and Xu gave the explicit models of hyperbolic metrics near isolated singularities through developing maps, based on the related results mentioned before.
In this paper, we try to generalize the theory of developing maps to the case when dimension is larger than one. We hope that developing maps will still be a powerful tool in higher dimension. We aim to investigate metrics of constant holomorphic sectional curvature with cone singularities along a divisor. However, it is natural to ask first what will happen if the singularities are along a subvariety whose codimension is not one. We found that in this case the singularities are actually removable locally in the hyperbolic or flat case. Without loss of generality, we can consider the unit ball B n in C n for convenience. Similar to the technique used in [SV06] to prove a simply connected complete Kähler manifold whose holomorphic sectional curvature is constant negative outside a compact set is biholomorphic to the unit ball, by showing the existence of the developing map and extending it to the whole manifold by Hartogs' extension theorem, we get:
Theorem 1.1. Let n ≥ 2 be an integer, and K ⊂ B n be compact. M = B n \ K is endowed with a Kähler metric g whose holomorphic sectional curvature is −1 (resp. 0). Then g uniquely extends to a Kähler metric on B n , whose holomorphic sectional curvature is −1(resp. 0).
is endowed with a Kähler metric g whose holomorphic sectional curvature is −1 (resp. 0). Then g uniquely extends to a Kähler metric on B n , whose holomorphic sectional curvature is −1(resp. 0). Corollary 1.3. Let N be an analytic subvariety of codimension larger than 1. Then a hyperbolic or flat Kähler metric on M \ N extends to M . In particular, if we let N be a single point, then N is a removable singularity of the Kähler metric.
We explain the organization of this paper. In Section 2, we introduce some preliminaries. Most of the discussion in Section 2 is devoted to the existence of the developing map on a Kähler manifold with constant holomorphic sectional curvature. In the rest of Section 2, we state the classical Hartogs extension theorem and Weierstrass preparation theorem, which are used in the proof of the main result. In Section 3, using the developing map, we prove Theorem 1.1 and 1.2. Finally, in Section 4, we discuss the possible further research on this topic.
Preliminaries
2.1. Cartan-Ambrose-Hicks Theorem. Cartan-Ambrose-Hicks Theorem is a classical theorem in Riemannian Geometry([CE08]). In this section, we recall its generalization on Kähler manifolds( [Zhe01] ). This will be the start point of the developing map. For the convenience of readers, we provide some details for the proof of the theorems.
Let (M, g) and (M ′ , g ′ ) be two n-dimensional Riemannian manifolds . Fix points 
Let ∇ be the Levi-Civita connection on a Riemannian manifold (M, g). Recall that the curvature tensor R(·, ·)· on M is defined by 
, then ϕ is an isometry and dϕ γ(1) = I γ .
This local property has its Kähler version. Before stating the proposition, we shall recall the concept of holomorphic sectional curvature. It is well known that the Riemann curvature tensor Rm(·, ·, ·, ·) is defined by
for arbitrary p on M and X, Y, Z and W ∈ T p M . On a Kähler mainfold (M, J, g), let Π p be a plane of T p M that is invariant under J. It is easy to see that
where X ∈ Π p and |X| = 1, is independent of the choice of X([KN69, Chap. IX.7]). We call K(Π p ) the holomorphic sectional curvature by Π p .
We will assume M and M ′ are of constant holomorphic sectional curvature in the following, and set Then we are ready to give the proposition. It is well known to experts, but we will provide a proof of it since we could not find the suitable literature. Proof. As above, construct the diffeomorphism ϕ := exp p ′ •I • exp −1 p : B r (p) → B r (q). We verify that ϕ satisfies the condition of Lemma 2.1. Indeed, by Proposition 2.2, for each geodesic γ :
On the other hand, the Kähler condition is equivalent to ∇J = 0, which implies
by the definitions of R 0 and R ′ 0 and the fact that I γ preserves both the metric and the almost complex structure. Combining (2.1),(2.2)and (2.3), we obtain
This completes the verification of the condition, so by Lemma 2.1, ϕ is an isometry, and dϕ = I γ . In addition, ϕ is holomorphic since dϕ
Using Lemma 2.1, one can show the following global isometry theorem: 2.2. Developing maps. In this subsection, we review quickly the general theory of developing map in [Thu14] , by which we show the existence of a developing map on a Kähler manifold of constant holomorphic sectional curvature.
Let X be a connected real analytic manifold, and G a subgroup of the group consisting of real analytic diffeomorphisms of X, acting transitively on X.
Definition 2.6. ([Thu14, p.139]) A (G, X)-manifold M is a manifold with the property that for each p ∈ M , there exists a neighborhood p ∈ U i and a diffeomor-
Remark 2.7. In the lanugage of sheaves, the chart (U i , φ i ) is called germ. Fixing two germs (U i , φ i ) and (U j , φ j ) and a point x 0 ∈ U i ∩U j , we can define an equivalent relation:
For arbitrary two germs (U i , φ i ) and (U j , φ j )(U i ∩U j = ∅), consider the transition function:
This naturally induces a locally constant map γ ij : φ j (U i ∩ U j ) → G. Then γ ij • φ j defines a locally constant map from U i ∩U j to G, which we denote by γ ij by abusing the notations. Without loss of generality, we assume that U i ∩U j is connected. Then γ ij : U i ∩ U j → G is actually a constant map. Therefore, γ ij can be viewed as an element of G. One can easily find that φ j := γ ij • φ j agrees with φ i on U i ∩ U j . Now we discuss the analytic continuation. Fix a germ (U 0 , φ 0 ) and a point x 0 ∈ U 0 . Let π : M → M be the universal cover of M . It is well known that M can be viewed as the space of homotopy classes of paths in M that start at x 0 . For an element of M , take a path α representing it. We can choose points
where t 0 = 0 and t n = 1, such that around
The following picture illustrates the construction:
Again, without loss of generality, we can assume U i ∩ U i+1 is connceted. By the previous discussion, for each 1 < i ≤ n, there exists an elment g i in G such that
Going along α, adjust φ i in this way one by one. This process forms the analytic continuation of φ 0 along α. We use (U α n , φ α 0 ) to denote (U n , φ n ). Then we have Proposition 2.8. ([Thu14, p.140]) The adjusted germ (U n , φ n ) at x n = α(1) depends only on the homotopy class that α belongs to. More precisely, if α and β are in the same homotopy class, then (U α n , φ α 0 ) ∼ (U β n , φ β 0 )(See Remark 2.7). By Proposition 2.8, the developing map is well defined:
Before going further, we will clarify two points about the developing map. The first is the uniqueness of the developing map. More precisely, we have Proposition 2.10. Let D 1 and D 2 be two developing maps on a (G, X)− manifold M . Then there exists a g in G such that D 1 = g • D 2 .
Proof. Without loss of generality, fix x 0 ∈ M with two germs (U 0 , φ 0 ) and (U 0 , ψ 0 ) such that D 1 | U0 = φ 0 and D 2 | U0 = ψ 0 (Indeed, one can take (U, φ 0 ) and (V, ψ 0 ), and then take U 0 := U ∩ V ). Set g := φ 0 • ψ −1 0 : ψ 0 (U 0 ) → φ 0 (U 0 ). By the definition of a (G, X)−manifold, there exists a g ∈ G such that g| U0 = g. Now for any x ∈ M , consider a path γ connecting x 0 and x and cover it successively by
. Therefore, by induction, we have f 1 (x) = g(f 2 (x)) for any x. Thus,
This will be used in the proof of the uniqueness of the extension of the metric.
The second is called the holonomy(or monodromy) of the developing map. It is possible that the holonomy contains the information of the geometry near singularities(See Section 1). We begin with a point x 0 ∈ M an element α ∈ π 1 (M, x 0 ). Consider the initial germ φ 0 . Then, analytic continuation along a loop representing α gives another germ φ α 0 at x 0 . By the proof of Proposition 2.10, there exists a unique g α ∈ G such that φ α 0 = g α • φ 0 . Thus, by Proposition 2.8, it gives a welldefined map H : π 1 (M, x 0 ) → G, assigning α ∈ π 1 (M, x 0 ) to g α ∈ G. H is called the holonomy of M . Note that For σ, τ ∈ π 1 (M, x 0 ),
0 is an analytic continuation along τ with the initial germ φ σ 0 and ( * ) is the result of the same argument as the proof in Proposition 2.10. Therefore, g στ = g σ • g τ , or equivalently, H : π 1 (M, x 0 ) → G is a group homomorphism.
We now focus on the case when M is a Kähler manifold of constant holomorphic sectional curvature c. Now N c denotes the complete simply-connected Kähler manifold of constant holomorphic sectional curvature c, as stated in Theorem 2.5. Let G be the holomorphic isometry group of N c .
Lemma 2.11. Let (M, J, g) be a Kähler manifold of constant holomorphic sectional curvature c, then M is a (G, N c )-manifold.
Proof. By Proposition 2.3, for each
We claim that ψ p1p2 agrees locally with an element of G. In fact, for each r 2 ∈ V q2 , set r 1 := ψ p1p2 (r 2 ). By Theorem 2.5, there exists a holomorphic isometry Φ defined on the whole N c such that Φ(r 2 ) = r 1 and (dΦ) r2 = (dψ p1p2 ) r2 . Therefore, Φ = ψ p1p2 in a neighborhood of r 2 .
To sum up, we have: Proof. By Lemma 2.11, M is a (G, N c )-manifold, so one can construct a developing map f : M → N c by Definition 2.9. To show f is holomorphic, one only needs to note that the projection π : M → M and the analytic continuation φ σ 0 are holomorphic. By assigning x ∈ M to f (π −1 (x)), f can be naturally viewed as a multivalued holomorphic map from M to N c . Finally, since φ σ 0 is an isometry, f is a local isometry, and the last assertion also follows immediately.
Remark 2.13. When proving that the developing map f is holomorphic, the essential part is that the analytic continuation φ σ 0 is holomorphic, which is actually showed when we prove that ϕ is holomorphic in Proposition 2.3. Different from [CWWX14] , in which they proved that the developing map is holomorphic by the fact that a nondegenerate conformal map from a domain of C to C is holomorphic, the proof here only uses the Kähler condition and is more general in the sense that it does not rely on the dimension any more. 2.3. Functions of several Complex Variables. Before going to the proofs of the main results, we need to recall some results in complex analysis. One is Hartogs' extension theorem. We introduce two different versions here. 
Then f | V can be viewed as a holomorphic map on B 2 r \ {0}(r > 0 is sufficiently small). Therefore, f | V can extend to a holomorphic map in two variables z 1 and z 2 on V = {(z 1 , z 2 , w 3 , · · · , w n )|z 1 , z 2 ∈ C} ∩ U by Theorem 2.15. In this way, f holomorphically extends to U .
Another is the Weierstrass preparation theorem, which gives the local geometry of the zero sets of holomorphic functions. First we give the definition of a Weierstrass polynomial. 
Proofs of the main results
We first need the following lemma about the uniqueness of the extension:
such that B n \ K is simply-connected and contains an open set of B n . B n \ K is endowed with a Kähler metric g of constant holomorphic sectional curvature c. If there exists an extended Kähler metric g on B n , whose holomorphic sectional curvature is c, then g is unique.
Proof. By Proposition 2.10, we first get that for any two developing maps f 1 , f 2 : B n \ K → B n , where B n is the Bergman ball, f 1 = τ • f 2 , where τ : B n → B n is a holomorphic isometry. Then, for two metrics g 1 and g 2 that extends g and whose curvatures are c, let D 1 , D 2 : B n → B n be the developing maps, respectively. Then D 1 | B n \K and D 2 | B n \K are two developing maps on B n \ K. Then by the previous discussion, D 1 | B n \K = τ • D 2 | B n \K , and further D 1 = τ • D 2 . Therefore, g 1 = g 2 since τ is a holomorphic isometry. This proves the lemma.
To begin the proof of Theorem 1.1, we first prove a useful lemma that will be used to prove the nondegeneration of the extended developing map:
Let Ω be a domain of C n (n > 1), and f ≡ 0 is a holomorphic function with f (z 0 ) = 0 for some z 0 ∈ Ω. Suppose that Z := {z ∈ Ω|f (z) = 0} satisfies Ω \ Z is connected. Then Z is not a compact subset of Ω.
Proof. For a fixed w = (0, 0, w 3 , · · · , w n ) ∈ B n , h| V , where V = {(z 1 , z 2 , w 3 , · · · , w n ) ∈ B n ||z 1 | 2 + |z 2 | 2 = 0}, can be viewed as a holomorphic map in two variables. In addition, h nowhere vanishes on V by the assumption.
Set V = {(z 1 , z 2 , w 3 , · · · , w n )|z 1 , z 2 ∈ C} ∩ B n . H| V is the extension of h| V , which can also be viewed as a holomorphic map in two variables. Then by Corollary 2.20, H(w) = 0, which completes the proof.
Then we can prove Theorem 1.2:
Proof. (Theorem 1.2) We first prove the hyperbolic case. Consider the developing map f : M → B n , where B n is the Bergman ball with the metric g B n . Since M is simply connected, f is a single-valued local isometry, so df is nondegenerate at every point of M ,i.e. det df = 0 at every point of M . In addition, f is holomorphic, so by Hartogs' Theorem(Theorem 2.16), it extends to a holomorphic map on B n , which is still denoted by f : B n → C n . Note that imf is contained in B n .
Applying Lemma 3.4 to det df , one can find that df is nondegenerate everywhere in B n . Since df is nondegenerate everywhere, f is an open map. Therefore f : B n → B n has its image in B n .
To conclude, g = f * g B n defines a metric on B n that extends g, with curvature −1. In addition, the uniqueness is guaranteed by Lemma 3.1.
The same argument also works for the flat case without any difficulty.
Some Prospects
We could get more results about removable singularities for Kähler metrics of holomorphic sectional curvature −1 or 0 by using other versions of Hartogs' extension theorem. More precisely, let U ⊂ C n (n > 1) be a domain, K ⊂ U . f : U \K → C is holomorphic. We have seen when K is compact or K = {z 1 = z 2 = 0}, f extends to U . We wonder whether any other conditions can be imposed on K such that f can extend to U . Referring to the proofs of Theorems 1.1 and 1.2, it is hopeful to get other forms of removable singularities.
We also have the following conjecture : Conjecture: A Kähler metric on B n \ {0} with holomorphic sectional curvature one extends to B n .
However, when considering the developing map f : M → CP n , the lack of a proper extension theorem becomes an obstruction. It seems that other methods should be applied to investigate this problem.
In addition, instead of a manifold of constant (holomorphic) sectional curvature, we also expect the existence of the developing map on a irreducible locally Hermitian(or Riemannian) symmetric space. This may give us the consequences similar to the case of constant (holomorphic) sectional curvature.
Moreover, recall that in [FSX] , an investigation into the monodromy of the developing map gives the the explicit classified modules of conformal hyperbolic metrics near isolated singularities, and Theorem 1.1 and 1.2 shows us the removability of singularities of codimension 0 or larger than 1, so in the next step, we naturally plan to use the theory of developing maps to study the codimension-one singularities of hyperbolic metrics in higher dimension: Problem: What is the asymptoic behavior of a Kähler metric with constant negative holomorphic sectional curvature in B n \ {z 1 z 2 · · · z n = 0}?
